Let M 2 be the moduli space that classifies genus 2 curves. If a curve C is defined over a field k, the corresponding moduli point P = [C] ∈ M 2 is defined over k. In [7] , Mestre solves the converse problem for curves with Aut(C) ≃ C 2 . Given a moduli point defined over k, Mestre finds an obstruction to the existence of a corresponding curve defined over k, that is an element in Br 2 (k) not always trivial. In this paper we prove that for all the other possibilities of Aut(C), every moduli point defined over k is represented by a curve defined over k. We also give an explicit construction of such a curve in terms of the coordinates of the moduli point.
the absolute Galois group of k. If C/k is a genus 2 curve, then it always admits an affine model
where f (x) ∈ k[x] is a polynomial of degree 5 or 6 without multiple roots. We will call this model a hyperelliptic model for C.
The classification of genus 2 curves up to isomorphism was performed by Clebsch and Bolza (cf. [4] and [1] ) using the classification of binary sextic forms up to linear equivalence. Given a genus 2 curve with hyperelliptic model y 2 = f (x), the associated sextic form is given by
The classification of binary sextic forms uses Hilbert's theory of algebraic invariants (cf. [5] ). An invariant is a polynomial expression I ∈ k[a 0 , . . . , a 6 ] in the coefficients of a generic sextic form associated to M = ( m n p q ) ∈ GL 2 (k) changes by a fixed power of det M. Covariants are polynomial expressions in k[a 0 , . . . , a 6 , x 1 , x 2 ] with the same property. The homogeneous degree in x i is called the order of the covariant, while the degree in a i is called the degree of the covariant; in particular, invariants are just covariants of order zero. Given an invariant I and a genus 2 curve C or a sextic form F , we will denote by I(C) or I(F ) the value that takes the invariant when evaluated at this curve or form.
In terms of invariants, the classification goes as follows. Two sextic forms F and F ′ are linearly equivalent if, and only if, there exists r ∈ k * such that for every invariant I, one has I(F ) = r d I(F ′ ), where d is the degree of I. As a consequence, the fact that an invariant annihilates when evaluated to a certain curve depends only on the isomorphism class of the curve.
The algebra generated by the invariants can be generated by five of them, with degrees 2, 4, 6, 10 and 15; this implies that the condition of linear equivalence of forms needs only to be tested for this generating set. Among these generators, there is, up to equivalence, a single algebraic relation which involves terms of degree 30; namely, if R is a generator of degree 15, then this relation states that R 2 is a polynomial expression in the four generators of even degree. As a consequence, the condition of equivalence needs not to be tested for the invariant R. Indeed, since the even degree invariants determine R up to sign, after replacing r with −r if necessary, the condition holds for R if it holds for the even degree generators. Therefore, one can reduce the former condition on linear equivalence to test it only for the four generator invariants of even degree. In the literature appear several such sets of generators: Clebsch invariants, that we will note as c 2 , c 4 , c 6 , c 10 , and are noted A, B, C, D in [4] and [7] , Igusa invariants, that we will note as I 2 , I 4 , I 6 , I 10 , and are noted A, B, C, D in [6] , and the last set we will mention is that of Igusa arithmetic invariants J 2 , J 4 , J 6 , J 10 introduced by Igusa in [6] . All these generators have rational coefficients when expressed as polynomials in the coefficients of a generic form. However, while the invariants J i reduce well in any characteristic, the I i fail in characteristics 2 and 3 and the c i in characteristics 2, 3 and 5.
The invariant I 10 = 2 12 J 10 is just the discriminant of the form F . The forms F corresponding to genus 2 curves are therefore those with J 10 (F ) = 0.
Absolute invariants and the moduli space. Absolute invariants are quotients of invariants of equal degree. The classification of genus 2 curves up to isomorphism can be stated in terms of absolute invariants: Two curves C and C ′ are k-isomorphic if, and only if, for every absolute invariant j, one has j(C) = j(C ′ ). From this fact, Igusa constructed the variety M 2 that classifies genus 2 curves up to isomorphism as a 3-dimensional affine variety over Z (cf. [6] ).
In this moduli space, the classes of curves for which all invariants of degree 2 don't annihilate, which is equivalent to have J 2 (C) = 0, form an open set and we can take as coordinates for the moduli point the absolute invariants
In must be noted that a point P = [C] ∈ M 2 is defined over a field k if, and only if, its coordinates are in k, which amounts to say that all absolute invariants, when particularized to C, are in k. This way, the set of points on M 2 (k) defined over k is in bijection with the set of 3-tuples (j 1 , j 2 , j 3 ), j i ∈ k, where
At first sight, it could seem that to have absolute invariants defined over k does not guarantee that one can find a set of corresponding generator invariants J 2 , J 4 , J 6 , J 10 , R ∈ k giving rise to them. The following lemma proves the existence of such invariants.
Lemma 1 For every point P ∈ M 2 (k), there exist invariants defined over k that give the absolute invariants which are coordinates for this point.
PROOF. One can take
and verify that with this choices, we get the values for the absolute invariants as defined above.
We can also make a choice in such a way that R is defined over k. Since R 2 can be written as a polynomial expression in the invariants J i , we have that R is of the form R = √ dR 0 with R 0 ∈ k. We can then take r = √ d and construct another set of invariats
equivalent to the former and all of them defined over k. 2
Group of automorphisms. In [1] , Bolza gives the different possibilities for the reduced group of automorphisms Aut ′ (C) = Aut(C)/ ı of a genus 2 curve, where ı is the hyperelliptic involution. In [2] the corresponding structures for the full group Aut(C) are given. If char k = 2, 3, 5, the posible automorphism groups of genus 2 curves are
The generic case corresponds to Aut(C) ≃ C 2 . The curves having an involution different from the hyperelliptic involution form a surface in M 2 ; the curves with group of automorphisms isomorphic to D 8 or D 12 describe two curves in this surface, and they intersect in the single point corresponding to curves with Aut(C) ≃ 2D 12 ; the curve corresponding to D 8 has another distinguished point corresponding to the caseS 4 . Finally, the curves with group of automorphisms cyclic of order 10 correspond to an isolated point outside the surface of curves with non-hyperelliptic involutions.
The subvariety of curves admitting a non-hyperelliptic involution is characterized by the condition R = 0, while the single moduli point of curves with group of automorphisms isomorphic to C 10 is characterized by the condition
In characteristic 3, there is no curve with group of automorphisms isomorphic to 2D 12 . In characteristic 5, the three isolated points reduce to a single one, for which the reduced group of automorphisms is isomorphic to PGL(2, 5).
Field of moduli and field of definition. Let C be any curve defined over k. We say that k is a field of moduli for C if C ≃ σ C for every σ ∈ G k . In the case of genus 2 curves, this condition is equivalent to have the absolute invariants defined over k and, therefore, to say that the point of moduli P = [C] ∈ M 2 is defined over k.
If C is defined over k, then P = [C] is defined over k. The problem we want to solve is the converse: Given a point P ∈ M 2 (k), decide whether there is a curve representing P defined over k. In an equivalent formulation, we are interested in the following Galois descent problem: Given a genus 2 curve defined over k having k as a field of moduli, decide if there is an isomorphic curve defined over k.
The answer to this question is summarized in the following theorem, the first part of which is proved by Mestre in [7] ,
(1) (Mestre) If Aut(C) ≃ C 2 , there exists an obstruction to the existence of a curve C ′ defined over k and isomorphic to C, which is an element in
The remaining sections of the paper contain the proof of this theorem, split into several cases corresponding to different structures for Aut(C). We remark that all proofs are constructive in the sense that they give an algorithm for constructing a curve defined over k starting from the coordinates of a moduli Table 1 Covariants suitable for the case Aut(C) ≃ C 2 covariants order degree
In the generic case Aut(C) ≃ C 2 , this is of course only possible when the obstruction is trivial, and for the construction one needs to find a k-rational point on a conic defined over k; for all remaining cases an expression for such a curve in terms of invariants is given.
We begin by reviewing the proof of Mestre for Aut(C) ≃ C 2 since the way we solve the case Aut(C) ≃ V 4 is just a variation of his construction.
2 The case Aut(C) ≃ C 2
Let C : y 2 = f (x) be a genus 2 curve defined over k with absolute invariants defined over k and Aut(C) ≃ C 2 . We assume char k = 2, 3, 5. Let F (x 1 , x 2 ) = x 6 2 f (x 1 /x 2 ) be the associated sextic. Mestre considers a set of invariants and covariants defined in Table 1 . We refer to [7] for the definition and construction of the covariants (G, H) k obtained from other covariants G and H by means of the so calledüberschiebung (transvectant) operation.
These covariants satisfy the relations
which should be understood as identities in k[x 1 , x 2 ].
Consider now the conic and cubic defined by the equations L :
Since the coefficients A ij and a ijk are invariants of even degree, they can be given as a polynomial expression in the invariants J i . Moreover, after lemma 1, given a moduli point, one can find J i over k that represent the point and, therefore, give equations for L and M with coefficients in k. We remark that, in [7] , Mestre makes linear changes in these equations to put the coefficients in terms of absulute invariants in order to have the varieties defined over k; however, after lemma 1, this is no longer necessary.
In this context, Mestre proves the following theorem.
Theorem 3 With the notations above, there exists a curve of genus 2 defined over k that represents the moduli point if, and only if, L(k) = ∅.
Moreover, if the condition is satisfied, one can find a model for C defined over k as follows. With a rational point P ∈ L(k) one constructs a k-isomorphism
After replacing Y i with T i in the equation for the cubic M, one obtains a sextic form with coefficients on k and with the desired absolute invariants.
Remark 4 This construction works well in every characteristic different from 2, 3 and 5. This is because in the construction of the invariants A i,j and a i,j,k and the covariants X i one introduces denominators that are multiples of these primes. Nevertheless, if one multiplies this covariants and invariants by suitable integers, one gets another set of covariants and invariants with integer coefficients.
With this modifications, the conic and cubic can be defined in every characteristic, and their coefficients can be expressed in terms of the invariants J i . 
This way, one can make the method of construction work for characteristic 3. However, the conic one obtains is always degenerated in characteristic 5 and therefore this method fails to work in this characteristic.
The case Aut(C) ≃ V 4
Let C : y 2 = f (x) be a genus 2 curve defined over k with absolute invariants defined over k and Aut(C) ≃ V 4 . As in the previous section we assume char k = 2, 3, 5, although the remark 4 also holds here.
The conic constructed by Mestre from the absolute invariants of C is in this case degenerated. We mimic the construction of Mestre using another pair of conic and cubic to solve the problem.
Let us introduce another set of invariants and covariants defined by the expressions in Table 2 . In this table, δ 3 stands for the number of its arguments equal to 3. Therefore, the invariantsĀ 13 ,Ā 23 ,Ā 31 ,Ā 32 have odd degree, are multiple of R, and annihilate for curves with non-hyperelliptic involutions. Also, the invariantsā ijk with an odd number of subindexes equal to 3 annihilate for these curves. As for the rest, all of them have even degree and can be expressed as polynomials in the invariants of even degree. We get the following identities expressing the invariantsĀ ij andā ijk in terms of Clebsch invariants and the R invariant, recalling that a permutation of indexes keeps
Let us consider the conic and cubic defined bȳ
As in the case Aut(C) ≃ C 2 , one can constructL andM defined over k from a moduli point defined over k.
Lemma 5 With the notations as above, and considering a moduli point corresponding to group of automorphisms V 4 , the conicL is non-degenerated.
PROOF. The discriminant ofL is an invariant; therefore, the fact that it does annihilate or not depends only on the moduli point. We can then suppose that we have a representative for the point with hyperelliptic model
with α, β ∈ k. The fact that a genus 2 curve with non-hyperelliptic involutions always is isomorphic to some curve of this type was proved by Bolza (cf. [1] ).
Computing explicitly the discriminant ofL constructed from this model over k we get a non-zero multiple of
It is now easy to check that if any of these terms annihilates, then Aut(C) contains
Theorem 6 Let C be a genus 2 curve with group of automorphisms isomorphic to V 4 and field of moduli k. Then, C is isomorphic to the curve defined over k given by the model
whose coefficients can be explicitly obtained from the invariants of C.
PROOF. Using the previous construction, one gets a non-degenerated conic with coefficients in k. The conicL has a point defined on a quadratic extension of k; namely,
Using this point, one obtains the following parametrization for the conic
where P i are the polynomials given in the statement of the theorem. Using the equation for the cubicM with R = 0, since we are assuming Aut(C) ≃ V 4 , and the parametrization obtained, one obtains that C is isomorphic to the curve given by y 2 = f (x), where f is
Therefore, and up to isomorphism, a model for C defined over k is given by the equation in the theorem. 2
Remark 7
The pairL andM can also be used as alternatives to Mestre's L and M in the case Aut(C) ≃ C 2 for all moduli points outside the surface detemined byR = 0. However, when R = 0 the previous formula is not valid, and the construction needs to start with a point P ∈L(k).
If we construct the conics L andL from invariants c i ∈ k with, also, R ∈ k, then of course the obstructions, as elements in Br 2 (k), to find a k-rational point on L and onL coincide. These cases have been studied in detail in [3] . Therefore, we only state the results and refer to the mentioned paper for the proof, except for the case of Aut(C) ≃ D 12 in characteristic 3, not treated in [3] , for which we give the proof here.
Theorem 8 Let C be a genus 2 curve with Aut(C) ≃ D 8 and field of moduli k. Then, C is k-isomorphic to the curve defined over k
where t ∈ k \ {0, 1/4} is the absolute invariant of C given by
, if char k = 3, 5.
Theorem 9 Let C be a genus 2 curve with Aut(C) ≃ D 12 and field of moduli k. If char k = 3, then C is k-isomorphic to the curve defined over k
where t ∈ k \ {0, 1/4} is the absolute invariant of C given by If char k = 3, then C is k-isomorphic to the curve defined over k
where t * ∈ k * is such that t 3 * = t and t ∈ k * is the absolute invariant given by
Consider this last char k = 3 case. In the same way as the proofs in [3] , we see that the group Aut(C) ⊂ GL 2 (k) isomorphic to D 12 is GL 2 (k)-conjugated to the group U, V generated by This implies that C is k-isomorphic to the curve y 2 = a 6 x 6 + a 4 x 4 + (a 4 + 2a 6 )x 3 + a 4 x 2 + a 6 , where a 4 , a 6 ∈ k * , because otherwise the polynomial has multiple roots. After changing this curve with the isomorphism associated to the matrix √ a 4 ( Computing the absolute invariant of the theorem one obtains that t(C t * ) = t 3 * . Therefore, since we are in characteristic 3, Frob 3 is a bijection, and it follows that C t * and C t ′ * are isomorphic if, and only if, t * = t ′ * . Moreover, if C has k as a field of moduli, then t = t(C) belongs to k; since Frob 3 is an automorphism of k, we can find t * ∈ k with t = t 3 * and C is isomorphic to the curve defined over k with equation y 2 = 1 t * x 6 + x 4 + x 2 + 1.
5 The case Aut(C) ≃ 2D 12 ,S 4 , C 10
The remaining trivial cases correspond to three single points in M 2 . For the sake of completeness, we give below an explicit equation defined over k for every moduli point.
Theorem 10 Let C be a genus 2 curve with group of automorphisms isomorphic to 2D 12 ,S 4 or C 10 . Then, C is k-isomorphic to the curve given by y 2 = x 6 − 1, if Aut(C) ≃ 2D 12 ,
